The universe as a black hole in isotropic coordinates 
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We show that the radial geodesic motion of a particle inside a black hole in isotropic coordinates 
(the Einstein-Rosen bridge) is physically different from the radial motion inside a Schwarzschild 
black hole. A particle enters the interior region of an Einstein- Rosen black hole which is regular and 
physically equivalent to the asymptotically flat exterior of a white hole, and the particle's proper 
time extends to infinity. Because the motion across the Einstein-Rosen bridge is unidirectional, 
and the surface of a black hole is the event horizon for distant observers, an Einstein- Rosen black 
hole is indistinguishable from a Schwarzschild black hole for such observers. Observers inside an 
Einstein-Rosen black hole perceive its interior as a closed universe that began when the black hole 
formed, with an initial radius equal to the Schwarzschild radius of the black hole r g , and with 
an initial accelerated expansion. Therefore the model of a universe as a black hole in isotropic 
coordinates explains the origin of cosmic inflation. We show that this kind of inflation corresponds 

3/r 2 ,, which, for the smallest astrophysical black holes, 



10~ 8 m~ 2 . If we assume that our Universe is the interior of an Einstein-Rosen black hole, 

10 -3 s and the size of the Universe at the end 



to the effective cosmological constant A 
is 

astronomical observations give the time of inflation 
of the inflationary epoch ~ 10 32 m. 

PACS numbers: 04.20.Jb, 04.70.Bw, 98.80.Bp 
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The interval of the static, spherically symmetric, grav- 
itational field in vacuum, expressed in isotropic coordi- 
nates, was found by Weyl [l|: 



ds 2 = 



{l-Tg/Arf 



c 2 dt 2 -(l+r g /4r) 4 (dr 2 +r 2 dn 2 ), (1) 



where < r < oo is the radial coordinate, dfl is the 
element of the solid angle, and r g = 2GM/c 2 is the 
Schwarzschild radius. This metric does not change its 
form under the coordinate transformation: 
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16r' 



(2) 



and is galilean for r — *■ oo. Therefore it is also galilean 
for r — > 0, describing the Einstein-Rosen bridge between 
two, asymptotically flat, identical sheets, connected at 
the singular (detg^ — 0) surface r = r g /A @, Q. The 
nonzero components of the Riemann curvature tensor for 
this metric are given by: 
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image of the other exterior sheet. This situation is anal- 
ogous to the method of images in electrostatics, where 
the interaction between an electric charge situated at a 
distance r from the center of a conducting sphere of ra- 
dius R < r is equivalent to the interaction of the same 
charge with a charge of the opposite sign situated inside 
this sphere at a distance R jr from its center. The radius 
R corresponds to the Schwarzschild surface in isotropic 
coordinates, r — r g /A. 

Consider a massive particle moving radially in the 
gravitational field described by the metric ([I}. For 
brevity, we use: 



h = goo = 



(1 - r g /4r) 2 
{l + r g /Arf 



f = - 9 rr = {l+r g /Ar)\ (4) 



The motion of the particle is given by the radial geodesic 
equations. If the particle is at rest at r — r$, then these 
equations are: 



dt 

dr 
cdr 



— u° — yho/h, 
= u r = e(hoh- 1 f- 1 -f- 1 ) 1 '*, 



(5) 
(6) 



so the Kretschmann scalar is nonsingular everywhere: 

f r g /4r)~ 12 , going to zero 
The Einstein-Rosen metric 
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for r > r g /A describes the exterior of a Schwarzschild 
black hole (the transformation of the radial coordinate 



r(l + r g /4r) 



brings the interval ([T]) into the stan- 



dard Schwarzschild form Q). The spacetime given by 
the metric (dJ for r < r g /4 is regarded by an observer 
at r > r g /4 as the interior of a black hole, although 
it really is, as we will see below, the (spherical) mirror 



where r is the proper time of the particle, ho = h\ r — ro , 
and e = —1 (+1) for an infalling (outgoing) motion. Con- 
sider a particle falling into a black hole, e = — 1. As 
r — > r g /4, h goes to zero and / — > 16, so both u° and 
u r become infinite. Even if the initial motion were not 
purely radial, the components u°, u r would still become 
infinite at r = r g /A, with u , vr remaining finite. There- 
fore, each motion of a massive particle becomes effec- 
tively radial at the surface r = r g /A. 

A distant observer situated in a nearly galilean space- 
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time measures the velocity of the particle as: 



Vd 



dr 
dt 



-c 7= • (7) 
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As r — > r g /4, Vd goes to zero. Writing r = r g /A + £, 
where < £ <C r 9 , gives w — c£/2r 9 and thus r — 
r 9 /4 ~ exp(— ct/2r g ), so the particle reaches the surface 
of a black hole r = r g /A after an infinite time t. This 
surface is an event horizon for a distant observer, as it 
is for the standard Schwarzschild metric The proper 
time At of the particle for moving radially from r = ro 
to r = r g /4 is finite, which can be shown by considering 
ro = r g /4 + £; 



cAr 



,/4+€ 



dr/u r 



(8) 



After reaching the surface r — r g /4, the particle con- 
tinues moving; its radial coordinate r decreases to r% — 
r g /16ro w r g /A — £ (at which w r = 0) in a proper time 
At = r g /c. The radial motion of a massive particle 
(in terms of the proper time) in the spacetime {1} for 
r < r g /4 is the (spherical) mirror image of the particle's 
motion for r > r 9 /4. Applying the transformation ((2|) 
to the motion for r < r g /A (inside a black hole) shows 
that this motion is equivalent to the outgoing motion, in 
terms of the new radial coordinate r' — r 2 /16r, from a 
white hole (the time reversal of a black hole) . 

The local velocity of the particle vi , measured in terms 
of the proper time, as determined by static clocks syn- 
chronized along the trajectory of the particle, is related 
to u° by u° = (h(l - vf/c 2 ))~ 1/2 [||. As the particle 
moves from r — ro to r — r g /A, vi increases from zero to 
c, and as the particle moves from r = r fl /4 to r = n, vi 
decreases to zero. In a Schwarzschild field, Vi exceeds c 
inside a black hole, which does not violate Einstein's the- 
ory of relativity because the interior of a Schwarzschild 
black hole is not static and neither can be clocks syn- 
chronized along the trajectory of the particle. 

A maximal extension of the Schwarzschild metric [7J 
shows that a massive particle cannot travel in this space- 
time from (exterior) region I to (exterior) region III with- 
out violating causality: the Schwarzschild bridge is not 
traversable [H, [|[ . Such a particle either remains in region 
I or moves to (interior) region II, where it reaches the cen- 
tral singularity. Unlike inside a Schwarzschild black hole, 
where the proper time ends at the central singularity, the 
proper time of a particle moving into an Einstein-Rosen 
black hole (bridge) does not end (the particle's geodesic 
is complete). Such a particle enters the interior of an 
Einstein-Rosen black hole (with no possibility of coming 
back to the exterior sheet), which has no curvature singu- 
larities and is mathematically equivalent to the asymp- 
totically flat exterior of a white hole @. Therefore an 
Einstein-Rosen black hole is physically different from a 
Schwarzschild black hole with regard to the nature of the 
interior sheet, and equivalent to it with regard to the na- 
ture of the exterior sheet. For distant observers, that can 



only see the exterior sheet, the two black holes are indis- 
tinguishable. Another difference comes from the integral 
of the time-time component of the gravitational energy- 
momentum psedudotensor (either Einstein or Landau- 
Lifshitz) over the interior hypersurface, that is, the to- 
tal energy of the system. This energy equals the sensi- 
ble physical value r g c 4 /2G = Mc 2 for an Einstein-Rosen 
black hole, but diverges for a Schwarzschild black hole. 

We can regard the interior of an Einstein-Rosen black 
hole as a new (closed) universe that began with the for- 
mation of the black hole from a supernova explosion, in 
a globular cluster or at the center of a galaxy. This inter- 
pretation [10( is suggested by the gravitational collapse 
of a homogeneous sphere of dust in Tolman's coordinates 
[ll| , which has a solution of form of the Friedmann met- 
ric for a closed isotropic universe [12j . The motion of the 
boundary of such a sphere is physically equivalent to the 
radial motion of a particle in the Schwarzschild space- 
time, ending at the central singularity [T^ |. In order to 
analyze the gravitational collapse of a homogeneous dust 
sphere with the boundary moving like a particle in the 
Einstein- Rosen spacetime (such a sphere is a different so- 
lution of the Einstein equations than Tolman's sphere in 
the same sense that the Schwarzschild metric is differ- 
ent from the Einstein- Rosen metric), one can generalize 
Wyman's interior solution for a sphere of perfect fluid in 
isotropic coordinates (which is equivalent to the interior 
solution in standard Schwarzschild coordinates [Hj]) to 
nonstatic cases 14]. The vanishing of det at the sur- 
face r = r g jA is not a physical singularity, it only moans 
that one can introduce a locally inertial frame of ref- 
erence everywhere except at the boundary between two 
universes. The nature of the interior of a black hole [l5[ 
has not been satisfactorily determined and is open to 
considerable debate 

Consider radially moving geodesic clocks that are 
falling into a black hole from the isotropic radius ro, and 
synchronized such that the time of each clock at the in- 
stant of release equals the proper time To of a clock at 
rest that remains fixed at ro. The time at any event 
is taken to be equal to the proper time on the rad ially 
falling clock that is coincident with this event, as in pTj . 
Equations ([5]) and ([6]) give (for e = —1): 



cdr — yhycdt + \J f(ho — h)/hdr, (9) 
which, using To = \fhota, integrates to: 

y/f{ho ~ h)/hdr, (10) 



hod 



giving the transformation between the coordinates (r, t) 
and (r, t). In terms of t, the metric ([1} becomes: 



ds 2 = h(cdr - y/f{h - h)/hdr) 2 /h Q - fdr 2 - fr 2 dn 2 
cs are given by ds = ar 

o ± 1) 



Radial null geodesies are given by ds = and dd = 0: 

cdr 
dr 



(11) 
0: 

(12) 
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The plus (minus) sign corresponds to an outgoing (in- 
falling) null geodesic. For r — ► oo, the spacetime is 
galilean and cdr/dr = ±1. For r — r 9 /4, cdr/dr = oo for 
the outgoing null geodesic and for the infalling one, as 
shown in Figure [TJ For r = 0, cdr/dr = ±oo; however, 
in terms of the new radial coordinate r' = r 2 /16r ([2]), 
we obtain cdr/dr' = ±1 (galilean spacetime). Massive 
particles can move in both radial directions, except at 
the unidirectional surface r = r fl /4, where only infalling 
geodesies (decreasing r) lie inside the light cone. 
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FIG. 1: Light cones in the gravitational field represented by 
the metric 

The metric (|lip can be written as: 

ds 2 = c 2 dr 2 - (v^o - hedr + yjjhdr) 2 /h - fr 2 d£l 2 . 

Taking ho = 1, which corresponds to ro — > oo, reduces 
Eq. (HnH into: 

rfs 2 = c 2 dr 2 - {VT^hcdr + yffhdrf - fr 2 dil 2 . (14) 

Define a new radial coordinate R(t, r) such that: 

rfi? = Vl - hedr + ^/Jhdr. (15) 

The interior of an Einstein-Rosen black hole will be an 
isotropic universe if also: 

R 2 = fr 2 . (16) 

Equations (fl~5j) and (fl6|) give: 

V7?* 

If r = r g /4 then / = 16 and /i = 0, so Eq. JIT]) gives: 

iZ~e cr / r «, (18) 

which represents an accel erated expansion of a de Sitter 
universe (R ~ exp(-y/A/3cr)) with the cosmological con- 
stant (the motion of the boundary of a collapsing sphere 



is dynamically equivalent to the radial motion of a par- 
ticle in the gravitational field of this sphere): 



If r = then h = 1, so Eq. (frf|) gives: 

iZ^r" 1 , (20) 

which is consistent with interpreting 1/r as the physi- 
cal radial coordinate in the interior sheet (the metric ([1]) 
is asymptotically flat in terms of the radial coordinate 
r 2 /16r). 

If the Universe is the interior of an Einstein-Rosen 
black hole and began with the formation of the black 
hole from a supernova explosion in the center of a galaxy, 
then r g is on the order of the size of a star that is massive 
enough to form a black hole, that is, r g ~ 10 km. Con- 
sequently, the initial value of the cosmological constant 
A is on the order of 10 -8 m~ 2 . Such a large cosmologi- 
cal constant may be associated with cosmic inflation in 
the early Universe. Therefore the model of a universe as 
a black hole in isotropic coordinates explains the origin 
of inflation. Because astronomical observations suggest 
that the Universe in the inflationary epoch expanded 28 
or more orders of magnitude fl8j , inflation caused by this 
Schwarzschild-related cosmological constant took at least 
r,i = 281nl0r ff /c ~ 10~ 3 s. The size of the whole Universe 
at the end of the inflationary epoch was then larger than 
10 32 m. 

If the Einstein-Rosen black hole that formed our Uni- 
verse were alone, then the value of the cosmological con- 
stant would have remained large and no structures would 
have formed. However, if this black hole were densely 
surrounded by stars, the value of r g would have been in- 
creasing as stellar matter falls into the black hole, and 
A would have been decreasing. In order to find the fi- 
nal value of A after the black hole has consumed all of 
available matter, one should generalize the above con- 
siderations of the Universe as an Einstein-Rosen white 
hole to the presence of matter. Without such a gener- 
alization, Eq. (|19p would yield, with the current value 
A = 1.3 x 10~ 52 m- 2 [3,' the current value of the ra- 
dius of the Einstein-Rosen white hole that is our Uni- 
verse: r g — 1.5 x 10 26 m. This value of r g is on the order 
of the size of the observable Universe, which is at least 
r g = 3.7 x 10 26 m 20], and - 10 6 times smaller than 
the whole Universe at the end of the inflationary epoch. 
Therefore, in the presence of matter, we expect Eq. (fTS]) 
to be modified such that the current value of A resulting 
from this equation will be ~ 10 6 times smaller. 
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